A set of stabilizer operations augmented by some special initial states known as "magic states", gives the possibility of universal fault-tolerant quantum computation. However, magic state preparation inevitably involves nonideal operations that introduce noise. The most common method to eliminate the noise is magic state distillation (MSD) by stabilizer operations. Here we propose a hybrid MSD protocol by connecting a four-qubit H-type MSD with a five-qubit T -type MSD, in order to overcome some disadvantages of the previous MSD protocols. The hybrid MSD protocol further integrates distillable ranges of different existing MSD protocols and extends the T -type distillable range to the stabilizer octahedron edges. And it provides considerable improvement in qubit cost for almost all of the distillable range. Moreover, we experimentally demonstrate the four-qubit H-type MSD protocol using nuclear magnetic resonance technology, together with the previous five-qubit MSD experiment, to show the feasibility of the hybrid MSD protocol.
PACS numbers: 03.67.Lx,03.67.Pp,76.60.-k Decoherence and control errors are some of the major obstacles for the implementation of scalable quantum information processing. To overcome these obstacles, quantum fault-tolerance theory has been developed [1, 2] , in which the information is encoded in a subspace of a larger Hilbert space. The subspace is fixed by a subgroup of the Pauli group, consisting of some Hermitian tensor products of Pauli operators which are defined as the stabilizer of the subspace. Logical operations are transversally performed on the encoded information [3, 4] , aiming to prevent the propagation of errors within the codeblock and further avoid correlated errors in the course of quantum error correction. Unfortunately, only a limited set of operations, known as stabilizer operations (consisting of Clifford group unitaries [5] , preparation of |0 and measurement in the computational basis) , can be implemented in such a fault-tolerant manner, which can not provide a universal quantum computation according to the Gottesman-Knill theorem [6, 7] . This dilemma can be solved by introducing a nonstabilizer state (not eigenstates of Pauli operators) as an ancilla, and then implementing a gate outside the Clifford group through gate teleportation [1] .
Preparation of a nonstabilizer state would inevitably involve non-stabilizer operations [8, 9] , which are not fault-tolerant and induce noise to the nonstabilizer state. The most common method for reducing noise is to distill noisy copies of these resource nonstabilizer states to an almost pure nonstabilizer state with only stabilizer operations [8, 10, 11] . The pure nonstabilizer states that can be prepared through distillation with only stabilizer operations are called magic states and the fault-tolerant distillation for magic states is called magic-state distillation (MSD). So far, there are two types of states found to be "magic", and they are called T -type and H-type magic states [10] . Consequently, MSD enables universal fault-tolerant quantum computing, and it also opens a framework to observe what kind of quantum states can provide universal fault-tolerant computational power [12] [13] [14] . However MSD puts a big challenge to quantum computation as it will consume up a majority of qubit resource in architectures [15] . Much effort has been devoted to develop economical methods to get pure magic states by concatenating two MSD protocols of the same type magic state (H-type) [16] , and to build up effective instructions to compile magic states and the stabilizer operations for implementing non-Clifford operations [17] . Besides, various MSD protocols suffer from different shortcomings. For example, for five-qubit T -type MSD [10] there is a gap between the distillable unstabilizer states and stabilizer states, for seven-qubit H-type MSD [11] , the polarization of the output state increases only polynomially in the number of noisy copies at the range of high polarization, while four-qubit H-type MSD [18] cannot yield a nearly pure magic state.
Here we propose a novel MSD protocol by hybridizing one H-type MSD protocol [18] with one T -type MSD protocol [10] . This hybrid one does not only overcome the shortcomings in the previous MSD protocols mentioned above, but also brings two additional advantages: the integration of distillable ranges of previous individual MSD protocols and great reduction of qubit resource consumption. Moreover, up to now, the only experiment on the five-qubit T -type MSD has been implemented in nuclear magnetic resonance (NMR) system [19] . Here we report an experimental demonstration for the four-qubit MSD by NMR to show the feasibility of this hybrid protocol.
An arbitrary one-qubit state can be represented as ρ = (1 + xσ x + yσ y + zσ z )/2, where σ x , σ y , σ z , and 1 denote the Pauli matrices and identity operator, a = (x, y, z) is a dimensionless vector of length ≤ 1 that specifies the position of the state in the Bloch sphere. One single-qubit state ρ with |x| + |y| + |z| ≤ 1 (forming a stabilizer octahedron O s ) cannot be distilled to nonstabilizer states with only Clifford operations [20] . Prior MSD protocols show that some states outside O s can be distilled towards eigenstates of Clifford gates, such as the Hadamard H gate and the T gate [13, 21] . These eigenstates are magic states: H-type with a H = (0, ± gate for the T -type one) to enable universal quantum computation.
Bravyi and Kitaev proposed a T -type MSD protocol based on five-qubit error correcting code [10] . Provided noisy copies have an initial polarization in T -direction 
The efficiency ν of the MSD protocols for the state lying in H-direction. The second horizontal axis shows the corresponding pT. The polarization loss resulted by DT has been considered when we calculated the efficiency of the fourqubit protocol. (c) The necessary iteration number to distill noisy states for an almost pure magic state (T -type or H-type) with the target fidelity above 0.999. p T (ρ in ) > 3/7 ≈ 0.655, this protocol yields a higher polarization. By the iteration, it is possible to obtain the output with p T (ρ out ) → 1. We define the distillable range by this T -type MSD protocol as A T , represented by the gray and orange regions in Fig. 1 . There exhibits a gap between the region A T and the stabilizer octahedron O s . In contrast, Reichardt proposed a H-type MSD protocol based on the seven-qubit Steane code [11, 18] . It is possible to obtain the output with p H (ρ out ) → 1 by this protocol, provided noisy copies have an initial polarization in H-direction p H (ρ in ) > 1/ √ 2 ≈ 0.707. We define this distillable range of the seven-qubit H-type MSD protocol as A H , represented by the green and orange regions in Fig. 1 . The range A H is tight (no gap) in the directions crossing the octahedron edges, which means a transition from universal quantum computation to classical efficient simulation [13] . Alternatively, states can be distilled in the H-direction by using a four-qubit Clifford circuit [18] , at the price of a smaller distillable range A H ⊂ A H , where the ultimate polarization p H (ρ out ) is approximately equal to 0.964, not 1. From Fig. 1 , we can see that the distillable ranges of the H-type and Ttype MSD protocols do not overlap completely. It should be observed that
We found that A H ∩ A T = ∅ and the state with p H (ρ in ) > 0.802 can surely be distilled by the T -type MSD protocol. Based on this fact, we propose a hybrid protocol, whose flowchart is shown in Fig. 5(a) . Got an ensemble of noisy magic state with the polarization p H (ρ in ) > 0.707, we first choose some samples and measure their polarizations in T -direction to check whether p T (ρ in ) > 0.655. If yes, these noisy copies are directly distilled by the five-qubit T -type MSD module. Otherwise we send them into the four-qubit H-type MSD module for the higher polarization p H (ρ int ).
The distillation protocols require measurements of the code's stabilizers. Only when all measurement outcomes are "0", this round of distillation is successful. Assuming θ is the success probability, n/θ is the average qubit consumption in each iteration, where n = 4, 5, 7 for the four-qubit, five-qubit and seven-qubit MSD protocols, respectively. Further, ν = ∆pθ/n is the increased polarization per consumed qubit in each iteration, representing the efficiency of the protocol, where ∆p is the increased polarization in the target direction after one iteration. Comparing the efficiency of the four-qubit and five-qubit protocols shown in Fig.5 (b), we can see that in the range 0.707 < p H < 0.870, the four-qubit protocol is more efficient, while beyond this range the five-qubit protocol has higher efficiency. Hence once p H (ρ int ) reaches the optimal turning point p op H (ρ int ) = 0.870, the intermediate state are then projected to T -direction by the twirling operation D T [10] . D T converts the polarization from H-direction to the T -direction while deducing the polarization by a factor of 2/3. Next these states are sent into the five-qubit T -type MSD module for the further distillation. The hybrid protocol ultimately outputs almost pure T -type magic states. The first criterion (p T (ρ in ) > 0.655) is based on the numerical result that in the region A T ∩ A H , the five-qubit protocol is less efficient for only 1% of the distillable states. We can see that both ranges A T and A H are distillable by the hybrid protocol. One interesting conclusion is that not just for H-type magic state, the distillable range for the Ttype magic state is also tight in directions crossing the octahedron edges.
Compared with the seven-qubit MSD protocol, the hybrid protocol can greatly reduce qubit cost for almost all of the distillable region. Figure. 5(b) shows that the seven-qubit protocol performs with much lower efficiency in each round of distillation. Not only that, the hybrid protocol has a considerable advantage in the necessary iteration number ( Fig.5(c) ). For the region A H −(A T ∩A H ) (i.e., p H (ρ in ) > 0.707 and p T (ρ in ) < 0.655), the qubit cost can be evaluated as 4 θ 4 N4 · 5 θ 5 N5 for the hybrid protocol, while 7 θ 7 N7 for the seven-qubit protocol. Here N 4(5)(7) are the iteration numbers of the 4(5)(7)-qubit MSD scheme andθ 4(5)(7) are the average success probabilities (θ 4 = 0.244,θ 5 = 0.124 and θ 7 = 0.046). The hybrid protocol can reduce the qubit cost by a roughly estimated factor of 10 35 with respect to the seven-qubit MSD protocol [22] , with a target polarization above 0.999 (this corresponds to implementing one non-Clifford operation with theoretical fidelity 0.9995 [23] ). The same observation can be extracted for the major part of the region A T ∩ A H thanks to the property of five-qubit protocol that the increase of the out polarization is exponentially fast in the number of noisy copies when the polarization is high enough [10] . Just for a little region around the pure magic state ρ H , the seven-qubit protocol can be slightly more efficient. The exceptional region occupies about 0.57% of the distillable range. Now we look in detail at the four-qubit H-type MSD scheme, whose quantum circuit is shown in Fig. 3(a) : (i) first prepare four copies of a noisy magic state ρ ⊗4 in as the input state; (ii) perform the parity-checking in pairs three times; (iii) if all measurements give 0 result, i.e., the three measured qubits are in the state |000 , the protocol succeeds and one applies the H-projection operation D H to the qubit that hasn't been measured. The output state is ρ dis ⊗ |000 000| with the success probability θ = (2 + 2p 
It gives p H (ρ dis ) > p 0 when 0.7071 < p 0 < 0.9617.
is the initial polarization of the input states. We experimentally demonstrate the four-qubit distillation protocol. The physical system is iodotrifluroethylene (C 2 F 3 I) dissolved in d-chloroform. One 13 C nucleus and three 19 F nuclei are used as a four-qubit quantum information processor [24, 25] . The natural Hamiltonian of the coupled spin system is H= i H Experiments were performed on a Bruker AV-500 spectrometer at room temperature. All of the relevant parameters along with the molecular structure are shown in the supplemental material [22] .
Figure 3(b) shows the pulse sequence of the experiment, corresponding to the quantum circuit in Fig. 3(a) . We first initialized the system in a pseudopure state (PPS) [26] ρ 0000 = (1 − )1/16 + |0000 0000| by using line-selective method [22, 25, 27] , where ≈ 10
is the polarization. Instead of first four H-projection operations in Fig. 3(a) , four copies of noisy H-type magic states were prepared by the depolarization procedure shown in the second box of Fig. 3(b) . A rotation by an angle γ around the y-axis transforms σ z to σ z cos γ + σ x sin γ. The following gradient field destroys the x component. By changing the rotation angle γ, we experimentally prepared five sets of noisy magic states, and each set has different average polarization:
The three parity check gates of Fig. 3(a) were implemented through the distillation procedure in Fig. 3(b) .
Hadamard gate
It consists of Clifford operations. At the output side, the 13 C nucleus carries the distilled magic state ρ dis . To avoid the error accumulation and exhibit a near-perfect distillation step, we used one high-fidelity shaped pulse gained by the gradient ascent pulse engineering (GRAPE) algorithm [28] [29] [30] to implement this sequence. The GRAPE pulses have durations of 16.8ms with theoretical fidelities above 0.996.
The distilled output state ρ dis can be written as (the 13 C nucleus is labeled as qubit 1)
where θ i is the probability of the measurement outcome, corresponding to the resulting state |i of the other three redundant qubits, and |i = |000 , |001 , ..., |111 , for i = 0, 1, 2, ..., 7. Measuring the outcome |000 indicates a successful purification. In NMR quantum information processing, since only ensemble measurements are available, we directly measure the expectation value of an observable, without projective measurements. In spite of this, we can obtain all θ i , x i and z i using partial quantum state tomography [31] to see the purification effect. Five readout operations are sufficient to determine all the wanted parameters. Firstly, by directly reading the signal of 13 C, we can obtain all θ i x i ; secondly, by reading the signal of 13 C after the application of a π/2 pulse, we can get all θ i z i ; the additional three readout operations consist of applying a π/2 pulse on F 1 , F 2 and F 3 , then reading the signals. The spectra of the four nuclei after applying a π/2 pulse are shown in Fig. 4(a) . They are sufficient to determine all diagonal terms of the density matrix, that means we obtain all θ i = m i+1 + m i+9 , where m i represents the ith diagonal term. Since this sample is unlabeled, we must transfer the polarizations of the 19 F spins to the 13 C spin by SWAP gates and then read the information of the 19 F spin through the 13 C spectrum [32] . The experimental results are shown in Fig. 4(b) . The corresponding measured output polarizations are p H (ρ have been experimentally improved by the four-qubit MSD protocol because their input polarizations are in the distillable range. It shows that one can enchance the H-polarization of the quantum states in A H with initial T -polarization p T ≤ 0.655 to p H ≥ 0.870 by the fourqubit MSD, and send them into the next step of the hybrid protocol, five-qubit MSD, for converging to the pure magic state ρ T .
The total experimental time of the distillation procedure including the readout procedure ranges from 25ms to 40ms. It is short compared to the transversal relaxation times of the nuclei (the minimum T by the spin-spin relaxation effect is small. We numerically optimized all GRAPE pulses so that they are robust to 5% inhomogeneity of the r.f. field. By doing this, the influence of the r.f. field inhomogeneity is largely eliminated. For the four input copies, the biggest polarization deviation of the individual spin from the average polarization is 0.029. A detailed numerical analysis on the robustness of the distillation algorithm to these differences of input polarizations is presented in the supplemental material [22] . It shows that the distillation algorithm is strongly robust to the imperfect copies of the initial state. The relative deviations between the experimental results and the theoretical expectation are 0.6% ∼ 1.2%. They mainly come from the imperfections of GRAPE pulses, experimental parameters and data processing.
In conclusion, we presented a hybrid MSD protocol, which aims at taking advantage of different MSD protocols. It further integrates all of the currently known distillable ranges and extends the T -type distillable range to the stabilizer octahedron edges. Moreover, the hybrid scheme is optimized in efficiency and has a remarkable advantage in saving qubit resources. The hybrid construction exhibits the ability to establish a unified framework for different MSD protocols. It shows that if a state provides quantum computation power in either H-or Tdirection, it can keep the power in the other magic direction by stabilizer operations. We also experimentally demonstrate the four-qubit scheme by the NMR technology. The present experimental results, together with the previous NMR experiment for the five-qubit protocol, confirm the feasibility of the hybrid MSD scheme. It is expected that as more MSD methods are put forward, more and more distinguished combinations will come out according to the hybrid formalism. From Fig. 6 , we can obtain the average success probability for one iteration (θ 4 = 0.244,θ 5 = 0.124 and θ 7 = 0.046). For the region A H −(A T ∩A H ), the necessary iteration number to achieve a T -type or H-type magic state with a target polarization above 0.999 is about 26 using the seven-qubit protocol. The qubit cost is evaluated as 7 θ 7 26 ∼ 10 56 . Using the hybrid protocol, it needs about 11 iterations of the four-qubit protocol and 5 iterations of the five-qubit protocol. The qubit cost is evaluated as 4 θ 4 11 · 5 θ 5 5 ∼ 10 21 . Hence the qubit cost is reduced by a factor of about 10 35 using the hybrid protocol for the low polarization range A H − (A T ∩ A H ).
As an example, table I shows the performance of the hybrid protocol and the 7-qubit protocol, when they are used to distill one noisy state whose polarization is in H-direction (p H = 0.78, equivalent to p T = 0.636). Though the target states of the two schemes are different (p H = 0.99 in the 7-qubit case, p T = 0.999 in the hybrid case), either of the target states can be used to implement one non-Clifford operation with theoretical fidelity 0.9995. We can see that the hybrid protocol requires less iterations and possesses much higher successful probability than the 7-qubit protocol, which lead to the great saving in qubit cost.
The efficiency of the whole procedure
The parameter ν = ∆p T (H) θ/n represents the increased polarization per consumed qubit in each iteration. The hybrid protocol is optimized by ν. The efficiency of the whole procedure of k times distillation is defined as
Both ν and V is determined by two parameters: increment ∆p T (H) gained from one iteration and the average qubit consumption n/θ in one iteration. Given a target polarization, the optimal turning point may be slightly different from the one calculated by the efficiency ν. Setting the target P T = 0.999, for different initial polarizations, we numerically calculated the optimal turning points, which are shown in Fig. 7 . We can see the optimal turning points gather around p H = 0.85, which
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FIG. 5:
The integration between the 4-qubit H-type MSD and the 5-qubit T -type MSD.
FIG. 6:
The success probability of the three individual MSD protocols.
is slightly different from the hybrid protocol's turning points p H = 0.87.
The hybrid protocol
Once the polarization reaches the turning point p H = 0.87 of the hybrid protocol, the T -projection operation D T is performed to the state. Then we get a polarization of T -direction with P T > 0.71.
1. If p T (ρ in ) > 0.71, we directly distill them with fivequbit protocol.
2. If 0.655 < p T (ρ in ) < 0.71 and p H (ρ in ) < 0.707, the state can't benefit from the four-qubit protocol. We should distill it with the five-qubit protocol.
3. If p T (ρ in ) < 0.655 and 0.707 < p H (ρ in ), the state can't directly benefit from the five-qubit protocol. We should firstly distill it to p H (ρ in ) = 0.87 with the fourqubit protocol.
4. If 0.655 < p T (ρ in ) < 0.71 and 0.707 < p H (ρ in ) < 0.87, for about 95% of the states in this range, it's better to directly distill them with the five-qubit protocol. Comparing the performance of the hybrid MSD protocol and the 7-qubit protocol, when they are used to distill one noisy state of H-direction with pH = 0.78. Since the target direction of the hybrid protocol is T -direction, the polarizations gained by the subprocedure of the 4-qubit H-type protocol have been converted to T -direction, i.e., multiplied by the factor 2/3.
Robustness of the 4-qubit H-type MSD algorithm
In the theoretical analysis, the input of the 4-qubit H-type MSD algorithm is four qubits with the same polarization of H-direction. However, it is impossible to prepare each qubit to totally identical state. It is unavoidable that there are some differences between the polarizations of the four copies in the experiment. Table. II shows the initial polarizations in our experiment. We can see that the biggest polarization deviation of the individual spin from the average polarization is 0.029. It is important to analyze the robustness of the distillation algorithm to these differences of polarizations of input states. Figure. 8a shows the average distillation effect versus to both the input polarization and the deviation. For every centre point which range from 0.68 to 0.99, we choose the deviations from 0 to 0.3. For each deviation, we randomly choose 100 inputs, then calculate the value p out − p in for each input. We use the average of p out − p in to evaluate the purity effect of the algorithm at this centre point. It shows that this distillation algorithm is strongly robust to the differences of polarization between the input qubits. Figure. 8b shows the output polarization corresponding to gaussian distribution input. We can see the distributions of output present larger average and smaller variance comparing to input distribution.
Sample information
The physical system we used is the molecules of Iodotrifluroethylene (C 2 F 3 I) dissolved in d-chloroform. As 13 C and 19 F are spin- 
PPS preparation
The system is originally in the thermal equilibrium state ρ eq = I/16 + For PPS ρ 0000 = (1 − 0 )I/16 + 0 |0000 0000|, the populations of all energy levels must be equalized except the first level. For this purpose, we numerically found an array {x α } α=1,...14 , which determines a unitary operator
is the single quantum transition operator between levels α + 1 and α + 2. The U 1 satisfies following requirement: 
FIG. 9:
Characteristics of the four-qubit quantum register. The inset shows the structure, where the four qubits are labeled as 13 C, F1, F2, F3. The chemical shifts and scalar coupling constants (in Hz) are on and above the diagonal in the table, respectively. The last column shows the transversal relaxation time T2 of each nucleus measured by CPMG sequences. Shown below are spectra of 13 C obtained by π/2 readout pulses when the system is prepared in the thermal equilibrium state (black) and PPS ρ0000 (red).
nuclei. The other specially designed unitary operator U 2 applies to the system, which transforms these redundant zero coherences to others that can be eliminated by gradient field pulse. Then applying another gradient field pulse, we prepare the PPS ρ 0000 . As U 1 is obtained by numerical search and U 2 is actually a combination of some CNOT gates between two selected levels, it is hard to find out a conventional pulse sequence to implement these two unitary operators. We engineered each operator as an individual shaped pulse by the gradient ascent pulse engineering (GRAPE) algorithm [28] . These two GRAPE pulses are of the duration around 25ms with the theoretical fidelity above 0.994 and they are also designed with robustness against the rf inhomogeneity. Table III shows the experimental results 4-qubit Htype MSD. The middle three inputs are in the distillable range. We observe higher polarizations corresponding to these three inputs. 
Experimental results of 4-qubit H-type MSD
State tomography
Input state tomography
The input state can be written as where θ i is the probability of the measurement outcome, corresponding to the resulting state |i of the other three redundant qubits, and |i = |000 , |001 , ..., |111 , for i = 0, 1, 2, ..., 7. Measuring outcome |000 indicates a successful purification. We can determine all the wanted parameters by following steps:
a. Read out on each qubit after the application of a π/2 pulse;
By this step, we can get all diagonal elements {m i } i=1,...,16 of ρ exp out . For example, after operating a π/2 pulse on qubit 1, the intensity of the spectral line, which corresponds to the transition |0000 to |1000 , is proportional to the difference between the corresponding populations, i.e. m 1 − m 9 .
Then we get all θ i = m i + m i+8 .
b. Read out on qubit 1 and read out on qubit 1 after the application of a π/2 pulse; These two readout operations are sufficient to measure all θ i ρ i .
